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A computation of the Kontsevich integral 
of torus knots 

JULIEN MARCHE 

Abstract We study the rational Kontsevich integral of torus knots. We 
construct explicitely a series of diagrams made of circles joined together in 
a tree-like fashion and colored by some special rational functions. We show 
that this series codes exactly the unwheeled rational Kontsevich integral 
of torus knots, and that it behaves very simply under branched coverings. 
Our proof is combinatorial. It uses the results of Wheels and Wheeling and 
various spaces of diagrams. 

AMS Classification 57M27; 57M25, 57R56 

Keyv^rords Finite type invariants, Kontsevich integral, torus knots, Wheels 
and Wheeling, rationality 

1 Introduction and notation 

In 1998, in pP, a conjecture was formulated about a precise expression for the 
Kontsevich integral of the unknot (later it was proved, see for instance |2]). 
Until now, we do not know any complete formula for this powerful invariant for 
non-trivial knots. Let B be the usual space of uni-trivalent diagrams, which is 
the target space of the Kontsevich integral. We define a localization of B called 
Bs- Unfortunately, the localization map is not injective in high loop degrees. 
Then, we give a formula for the family of torus knots which takes its values in 
Bs and which we state in a "rational" form. 

The starting point of our proof is a well-known formula: it has been used by 
Christine Lescop (see jjj) and Dror Bar-Natan in unpublished work. From this 
expression, we construct a sequence of series of diagrams which are all obtained 
by "gluing wheels" and which converges to the unwheeled Kontsevich integral 
of torus knots. (See Section 1.1 for the precise meaning of "unwheeled" here.) 
From this we present the result in a compact way by using "gluing graphs", 
which we will define along the way. 
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Then, in the thnd part, we compute a rational form of the preceding expression 
and show that only tree-like gluing diagrams appear as is suggested by figure 
n More precisely, we show the following theorem: 

Theorem Let D be the operator on Q(t) defined by Dg{t) = tg'{t) and let 
h{t) = frx operator D acts as on (7(exp(x)) ). 

There is a series of diagrams obtained by inserting circles in vertices of 
tree graphs, such that circles corresponding to vertices of valence k are colored 
by D^-^h{tP),D^~^h{0) or D^~^h{t^"i). 

Applying the "hair map" (in other words, substituting t with the exponential of 
a small leg attached to the circle), we obtain a series in Bg which is equal to the 
logarithm of the unwheeled Kontsevich integral of the torus knot of parameters 
p, q plus a fixed series log(0, O) fsee \l.l\ for precise definitions and theorem \:-(.'A 
for an explicit expression of the Erst terms). 




Figure 1: Diagrams appearing in the unwheeled Kontsevich integral of torus knots 

As a consequence of this computation, we show that the operator Lift^ which 
corresponds to cyclic branched coverings of along the knot simply acts on 
l^g* by multiplying a diagram D by r~^^^^ where x is the Euler characteristic. 

This article extends the result of our previous article jS] where we computed 
the unwheeled Kontsevich integral of torus knots up to degree 3. Here, we give 
a formula for all degrees using quite different methods. 

Lev Rozansky also computed formulas for the loop expansion of torus knots in 
the weight system associated to SI2 , see . The computation of the 2-loop 
part of torus knots has been done independantly by Tomotada Ohtsuki in [S] 
who computed more generally a formula for 2-loop part of knots cabled by torus 
knots. 

We would like to thank Stavros Garoufalidis, Marcos Marino, Tomotada Oht- 
suki and Pierre Vogel for useful remarks. We also thank the referee and Gregor 
Masbaum for their remarks and their careful reading. 
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1.1 Normalizations of the Kontsevich integral 

Let K he a knot in and suppose that K has a banded structure with self- 
hnking 0. We will denote by Z{K) the Kontsevich integral of K in the algebra 
A of trivalent diagrams lying on a circle. 

Let B be the algebra of uni-trivalent diagrams. It is well known that the 
Poincare-Birkhoff-Witt map x : i3 ^ ^ is an isomorphism but not an algebra 
isomorphism. We will denote by a its inverse. 

If U is the trivial knot, we define = aZ{U) . The series Q is the exponential 
of a series of connected graphs whose first terms are — sMJ^ + ■ ■ ■ • 

The map T = x ° : B ^ A defined for instance in J3] is known to be 
an algebra isomorphism. The quantity Z^'(K) = T~^Z{K) will be called 
unwheeled Kontsevich integral. It behaves better than aZ{K) under connected 
sum and cyclic branched coverings. 

For each knot K, the quantities Z(K), aZ{K) and Z^{K) are group-like, 
which means that they are exponentials of a series of connected diagrams. We 
will denote by respectively z{K), az{K) and z^\K) the logarithms of these 
quantities. 

1.2 Loop degree and rationality 

If D is a connected diagram of B, its first Betti number defines a degree called 
loop degree. The loop degree 1 part of aZ{K) or Z^\K) is well-known: it only 
depends on the Alexander polynomial of K . For the higher degrees, very little 
is known. There are formulas for the 2-loop part of small knots in Rozansky's 
table (see |12j ) , and we can find in [3] a formula for the 2-loop part of untwisted 
Whitehead doubles. In the sequel, we give a formula for the full Kontsevich 
integral of torus knots. 

In order to make precise computations, we will need the following formalism 
which is yet another version of "diagrams with beads" used in |12[ |2l E] for 
instance, and generalized by P. Vogel in |14j . 

Definition 1.1 Let C be the category whose objects are free abelian groups 
of finite rank and morphisms are linear isomorphisms. We call C-module a 
functor from C to the category of Q-vector spaces. In the sequel, we will 
associate to any C-module F a Q-vector space T){F) which will be called the 
space of diagrams decorated by F . This construction will be a functor from 
the category of C-modules to the category of Q-vector spaces. 
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Let F be a C-module and F be a finite trivalent graph with local orientations 
at vertices (we allow T to have connected components which are circles). 

We define I'(-F) as the quotient of 0p F(if^(r, Z)) by the following relations: 

• If r is isomorphic to T' via a map 0, then we identify x £ F(r') and 
F{(f)*){x) G F(r) for any x in F{T'). 

• If r and r' just differ by the orientation of a vertex, then we identify x 
in F{H^{T,Z)) with -x in F(iJi(r,Z)). 

• If r is a graph with one four-valent vertex, we note F/, Th,^x the three 
standard resolutions of this vertex. We have canonical identifications 
between H^{T,Z), H^{Ti,Z), H^{Th,I') and H'^{Tx,Z). For every x G 
F{H^ (F, Z)) , we add the relation xi = xr — xx ■ 

Let us give the main example: we define F{H) = Q[[H]] = lln>o^''iH ® '^)- 
The space 'D(F) is obtained by coloring graphs with 1-cohomology classes which 
can be materialized by small legs attached to the edges. It is not hard to see 
that 'D(F) ~ B. This isomorphism is a convenient way to express series of 
diagrams. 

Let f{x) be the power series defined by ^ log '^'"^^2^^ • '^^^ famous wheel for- 
mula (see ^Sl) states that az{U) = f{x) (we suppose that the variable x is 
a generator of H^{Q),'L)). Further, it was shown in [HI that the loop degree 
1 part of az{K) is f{x) + Whxix) where Whxix) = — ^log A(e^) and A is 
the Alexander polynomial oi K . As we are interested in the higher loop degree 
part, we need to recall the rationality theorem which was proved in For 
that, we define a new space of diagrams with the help of a new functor. 

Let Q[exp(i?)] be the polynomial algebra on elements on the form exp(A), A € 
H with the relation exp(A + /i) = exp(A) exp(;u) for all A and in H . 

Then, F{H) = Q[ex.p{H)]ioc is the localization of the preceding space by expres- 
sions such as Pi(exp(/ii)) • • • Pfc(exp(/ifc)) with hi,...,hk G H, Pi,...,Pk € 
Q[h] and Pi(l)---Pfc(l) ^0. 

It defines a new space of diagrams B^'^^ = T>{F) with a map Hair : B^^'^ B 
induced by the Taylor expansion: <Q[exp{H)]ioc Q[[i^]] which is a map of 
C-modules. 

The rationality theorem tells us that there is an element Z^^^{K) G B^^* such 
that 

aZ{K) = exp(/(a;) + Wkxix)) Hair Z'^'^K). 
Algebraic & Geometric Topology, Volume 4 (2004) 
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Respectively, there is an element Z^'^^^{K) G B'^^^ such that 
Z^'iK) = exp(/(x) + WhK{x)) Hair 

A construction, developed in |2] gives Z^^^{K) as an invariant of K; this is 
not automatic because the Hair map is not injective, although it is so in small 
degrees (see ^0]). We refer to jl] for a construction of Z^^^^{K). 



2 Diagrammatic expressions of the integral 

2.1 First diagrammatic expression 

Let p and q be two coprime integers such that p > 0. We note Kp^g the torus 
banded knot with parameters p and q and self-linking 0, and Lp g the torus 
banded knot with banding parallel to the torus on which it lies. This knot has 
self-linking pq, and its Kontsevich integral is a bit easier to compute. 

The method of computation is inspired from 0: we first compute the Kontse- 
vich integral of the following braid. 

Let p points be lying on the vertices of a regular p-gon. We note 7 the braid 
obtained by rotating the whole picture by an angle 2tt^ as is shown in figure l2j 



Figure 2: Toric braid with parameters (5, 1) 

Let us associate to any one dimensional manifold T the space A(T) of trivalent 
diagrams lying on F. This defines a contravariant functor with respect to 
continuous maps relative to boundaries. Let (j)* be the map induced by the 
projection onto the first factor (j)p : [0, 1] x {1, . . . ,p} ^ [0, 1] and ^ be the only 
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degree 1 diagram in ^([0, 1]). Then a direct computation of monodromy of the 
K-Z connection shows that 7 has Kontsevich integral equal to 0*(exp^(^^)) . 

The banded knot Lp^q is obtained by closing the previous braid: this translates 
diagrammatically to the following: let ipp be the map from to itself defined 
by ipp{z) = zP. Then, Z{Lp^q) = exp^(^^)) , where v = Z{U). 

By lemma 4.10 of |13j . the map ip* viewed in B has the following form: if 
D £ B has k legs (i.e. univalent vertices) then aippXD = p^D. We will 
note more simply Dp the result of this operation which looks like a change of 
variable. 

Then, to compute Z{Kp^q) from Z{Lp^q), we only need to change the framing, 
that is Z{Kp^q) = exp^{—^-^)#Z{Lp^q) . We will transform this product into 
the usual one by applying the unwheeling map T~^. As a result, we will have 
a formula for Z^\Kp^q). 

We now sum up the steps of the computation: 

(1) Computation of (7(z^^ exp^(^^)) 

(2) Change of variables x ^ px 

(3) Unwheeling 

We recall that T = x ° c^n is an algebra isomorphism and that T~^v = -j^^ 
and T~^^ =^ — G/24. Here {A,B) is the sum over all ways of gluing all legs 
of A to all legs of B. 

Then, to achieve the first step, we have to compute 

, „ , 9 9n("exp(j;~)) 
'""*^'^''**S'»=(«,n)exp(^e)^ (1) 

We explain below what will be a diagram colored by some parameters. In this 
setting, we will recall how usual operations on diagrams are obtained. Finally 
we will describe a new operation. 

Definition 2.1 

• Let P be a set of parameters. We denote B{P) the space of couples 
{D,f) where D is a uni-trivalent graph and / is a map from legs of D 
to P. We will say that legs of D are labeled or colored by elements of 
P. li D G B and 2; E P, we will write the diagram D whose legs are 
colored by x. 
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• If Z) € B{x), we define the diagram Dx+y € B{x,y) by replacing legs of 
D by the same legs colored by x or y in all possible ways. 

• D,E £ B{P) and x € P we define {D, E)x as the sum over all gluings 
of all x-legs of D on all x-legs of E . We also define dnE as the sum over 
all gluings of all x-legs of D on some x-legs of E . This operator satisfies 
Od^E^ = {Dy,E^+y)y ^nd foT F G B (P) , {D.,,ExF^)x = {dE^Dx,Fx)x. 

• Let Ax and Bx be two series of diagrams in B{P) where P contains at 
least three colors: {x,y,z}. We define A-B = {Ay+x, Bx+z)x ■ The y-legs 
of ^ • -B will be called left legs and z-legs oi A- B will be called right legs 
for obvious reasons. For rational numbers r and r', the diagram j-A ■ Br' 
will be the result of multiplying all left legs by r and all right legs by r' . 
Moreover, if Ux and bx are two series of connected diagrams, then the 
series exp(a), exp(6) and exp(a) • exp(6) are group-like, hence, we define 
yttxbz = log(y exp(a) • exp(6)2). 



Using the notation of definition 12.11 we compute 

dQ{nexp{-^^)) = {nx,^x+y ex.p{-^x+y'-^x+y))x■ 
use the fact that x+y^x+y — x^x ~\~'^x^y ~^y^y ftii^d properties recalled in 
the preceding definition to obtain that the series (9^(0 exp(^^)) is equal to 
(9exp(|;^,)f^x, ^x+y exp{^x^y))x exp{^y^y) . 

Now we use the fundamental formula do^^x = {Dx,^x)x^x which is true if D 
contains only x-legs. The preceding expression reduces to 

(exp(^^),(7) (.J].0)exp(A^). 

Thanks to the identity (exp(^^),r2) = exp{{^-~^,Q,)) = exp(^G), we may 
cancel this factor in the expression above. 

Multiplying by p to the power the number of legs, we obtain a formula for 



■ Qp exp(^'- 



We obtain a formula for Z^\Kpq) by unwheeling Z{Lpg) and multiplying by 
T-iexp#(-f^) =exp(-f^+ie): 

Z-iK,,g) = d^Xn . 0,exp(f^)) ^"P^"|^+^'^^ (2) 
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2.2 A sequence converging to the integral of torus knots 

In this part, we will start from formula (j^j) to deduce new formulas by an 
induction process. 

We define = ;B({active,inert}) . There is a forgetful map B. 

Let us define three operators analogous to those of definition 12.11 but for dia- 
grams in B^ in the following way: 

Definition 2.2 

• For A ^ B'^ and r G Q, we set to be the diagram A whose active legs 
are multiplied by r, viewed as an element of B. 

• li A ^ B'^ and B £ B, the diagram OaB B is the sum over gluings of 
all active legs of A on some legs of B. This is an element of B. 

• For A £ B and B £ B'^ two diagrams, we set A ■ B £ B^ to he the 
sum over all gluings of some active legs of B with some legs of A. The 
active legs of A ■ B are the remaining active legs of B. We also define 
a X b = log(exp(a) x exp(6)). See figureElfor both definitions. 



A 



B 


= E 


1 1 







inert 

1 — r 







active 






active 




A 




B 

inert 
1 1 ' 


= E 






1 1 



Figure 3: The operators d and • 



Lemma 2.3 For all A £ B'^ and B,C in B we have the identity dA{BC) = 
Oc-aB. 

Proof In the formula dA{BC) , the active legs of A are glued to legs of B and 
C . We can split these legs in two parts and glue the first part to C and the 
second part to B. Before gluing the second part to B, we obtain exactly the 
diagram C ■ A. The remaining active legs of A should be glued to B: we write 
the result of this operation Oc-aB. This proof is summed up in figure 01 □ 
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Figure 4: Graphical proof of lemma 1231 



We now define a sequence of series cj" in . Let us put uj 



-1 



ibj X uji and 



u>. We declare that all their legs are active. 



We suppose all legs of a; ^ and are active, and for all n > 0, we set 



,n+l 

,71—1 

pq 



n-l 
pq 



O X ^" 



UJ. 



n-l 
pq 



+ ujpq. In this formula, the added term 



is considered inert. 



Let us prove the following proposition: 

Proposition 2.4 For all n > 0, we have 
(i) The series exp(^^) acts by derivation on active legs of exp(Li;") by mul- 



(ii) 
(iii) 



tiplication by exp(22©). In formulas, we mean that d^^'Xpi \ exp(u;") = 

exp(||G) exp(a;"') . Here we have written Q^'^*'^^^ in order to mean that 
only active legs are glued in this process, contrary to the definition \2.2[ 



o I expi — ^ +UJ, 



exp (a;") 



pq 



'exp(a;")exp(y-^)exp(a;. 



exp(-f. 



pq pq 



n-l 
pq 



■ UJ, 



pq) 



exp(-f ^ +u)^ 



UJ, 



n-l^ 



(3) 



(iv) Moreover tie sequence Wpg^ — Wpq converges to log ^Z'^(A'p_q) (J], J])^ with 
respect to loop degree. 



Proof (i) Let us prove the first formula by induction. 

The assertion for n = is just 5exp(£a-,)f^ = 
of the fundamental relation = {D,Q)il. 



exp ( II G) 17. This is a consequence 
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Suppose that for some n > we have the identity 

Cp7|.) exp(..") = exp(||e) exp(u;'^). 
Then by definition, we have the identity 



exp(w"+^) 



n+l^ _ ^ M^pg ^ -^pg)- exp((j") 

exp(a;pq"^ - uj^g) 



But all active legs of the series exp(u;"''"^) come from the series exp(a;"). This 
proves the identity 



exp(a;^-i - a;" ) • d^^l^^ exp(..") 
exp(a;^q"^ - w^J^) 



^active eXDft^"+ll " ^ '^"P^^^ 



because all "derivation-like" operations commute (see for instance lemma ESI- 
Using the induction assumption, we finally prove the following formula: 
Cp(|.) exp(w"+^) = exp(||e) exp(u;"+i). 

(ii) The second formula for n = is nothing but a version of formula 
Suppose the second formula is true for some n > 0. To prove the second 
formula for n + 1 , we will prove that the expression at rank n + 1 is equal to 
the expression at rank n. This is equivalent to the following identity: 

By applying the operator 5exp(a;"+i) ) this identity is equivalent to the following 
equation: 

Using lemma 1^31 we have the following equalities: 

Cxpl^o; ^ ) cicp(uipg -L;j,^g)-exp(^") 

/ n—l n \ 

d I n-i ri \ I I exp(u;!L — 

cxD a;„„ — a;" l-cxD o;" / try pq p 



-'cxp(a;^-^-a;J,)-cxp(a;")^y ^^f\^pg ^pg I 

= 9exp(a;") exp(a;;j-^ - w^g)) exp(w^g - w^^" 
Replacing A by its value, we obtain the desired identity. 
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(iii) We obtain the third formula from the second one by using the following 
formula: 



pq pq 
9exp(t^") exp(y^) = (exp(u;"),exp(ya+b^a+fe))a 



Cp{|-,)exp(a;"))^^exp(^^) 



exp{ujpg) exp(— G + 



48 



The last step uses the first part of the proposition. 

(iv) Let us prove the last property: we will use mainly the third formula of 
the proposition. 

We want to show that all diagrams in the series 



5cxp{(^") exp(y^) exp(u;;^g ^ - uj^^) exp(-y--). (4) 



have loop degree greater or equal to n. This will prove that the expression 
LOpg — ^jJpq^ and the expression log{Z^{Kp^q){Q,, Q,)) coincide up to loop degree 
n, and then that the series uj~g — ujp~^ converges to log{Z^{Kp^g){^l,Q)) with 
respect to loop degree when n goes to infinity. 

Let us prove by induction that for all n, the series LOp~^ — tOpg contains diagrams 
with loop degree greater or equal to n. This is obvious for n = 0. Suppose it 
is true for some n, then by definition of u;""*"^, we have 

n+l n _ ( I, ,n-l , .'^ \ v , i"^ , 
^pq - ^pq - {y^pq " ^pq) >< ^ jpg " ^pq ■ 

This proves that the series ojp^^ — ujpq is obtained by non trivial gluings of 
ojpq^ — oJpq and w". As by assumption the series ojp~^ — ojpg has loop degree 
greater or equal to n, the series ^pq^ ~^pq ™^st have loop degree greater than 
n. 

Now, the operator 9exp(w") always increases the loop degree, and so does its 
inverse. This proves that diagrams of exp(Wp~^ — ujp^ cannot create diagrams 
of loop degree less than n in the expression @. Hence, up to degree n, we can 
ignore the series exp(a;p~^ — ojpq) , and the preceding expression reduces to 

^exp(..-) (^expC^..") exp(^-^)) exp(-^-^) = 1. 
This proves the last part of the proposition. □ 
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2.3 An expression with gluing graphs 

We remark that all diagrams appearing in are made by "gluing wheels", 
i.e. they are constructed from wheel series as uj,ujp,ujg by applying some gluing 
operators. We make this statement precise by introducing gluing graphs and we 
give a presentation of \og{Z^{Kp^g){Q,Q,)) with gluing graphs. These graphs 
will be useful for finding a rational expression of the preceding expression. As 
a non-trivial application, we will show that only tree-like graphs appear in this 
expression. 

Definition 2.5 Let P be a set of parameters. We denote by S{P) the Q- 
vector space generated by unoriented finite graphs {V,E,h) with a map V ^ P 
where V is the set of vertices and E the set of edges and a map /i : P ^ Q[[x]] . 
Elements of this space will be called gluing graphs colored by P . The number 
of edges is a degree on S{P). We complete S{P) with respect to this degree. 
This space has an obvious Hopf algebra structure whose primitive elements are 
formed of connected graphs. 

We define a substitution map s : S{P) B va. the following way: if {X,h) 
is a diagram in S{P) , we define s{X, h) by gluing for all a € -P and vertices 
V decorated by a the edges adjacent to v to wheels generated by h{a) in all 
possible ways. Sometimes, we call a-colored the remaining legs generated by 
h{a). It is clear that s is a map of Hopf algebras. 

Let us give some examples: if P = {a} X = •a and h{a) = f{x), then 
s(X, h) = (jj . In the same way, s(exp(»a), h) = Q, and 

s{a •-•r^c, h) = 16 -0-0-0= 
where h{a) = x'^,h{b) = and h{c) = x^. 
Let us define two operations on S{P): 

Definition 2.6 

• Given two connected gluing graphs X and Y with A some set of param- 
eters of X and B some set of parameters of y , we define Xa x ^ ^ = 
log(exp(X) • exp(y)) where exp(X) • exp(y) is obtained by adding in 
all ways a finite number of edges from ^-colored vertices of exp(X) to 
P-colored vertices of exp(y) . 

• Let {X,h) be a diagram in 5(PU{a}), h{x) G Q[[x]], and r G Q \ {0}. 
We note a*" the operator which divides X by where is the sum of 
valences of a-colored vertices of X . 
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Let us look at an example: take two formal parameters a and b, then 

exp(»a)-exp(»f,) = exp(«a + »b + a»-»b+a»=»6 + ^a»-^a + ^f)»-^6+aObH )• 

The operations of definition 12.61 are a version for gluing graphs of usual opera- 
tions on diagrams as is shown in the next proposition. 

Proposition 2.7 Let X and Y be two gluing graphs in S{P). Let A and B 
he two disjoint subsets of P . Then, we have s{Xa Xb Y) = s{X)a x b s{Y) 
(we omit the decorations of the vertices are they remain the same). 

Let X be a graph in 5(PII{a}). We have s{X,h)ra = s{a^' X, h{rx)) (in this 
formula, we only change the decoration of the a-vertex). 

Proof The proof of this proposition comes from a direct combinatorial de- 
scription of the gluing operations that are involved, hence we omit it. □ 

The main result of this section is the following: 

Proposition 2.8 There is an explicit series of gluing graphs Xp^q whose sub- 
stitution is \og{Z°{Kp^q){Vt,n)). 

Proof We will show by induction that for all n > 0, = s{X^) for some 
X" G S{P) where P = {*} U {a, c}. The first parameter is active and 
corresponds to /(x), the three last parameters are inert and correspond to 
f{px),f{qx) and f{pqx). 

Firstly, the diagram cu~q has only inert legs and is obtained from the substi- 
tution of the gluing graph: X~^ = a^b'^ x»f, G S{a,b) where a and b are 
respectively associated to f(px) and f{qx). We deduce directly this construc- 
tion from the formula uj~q = pto x Uq and proposition 12.71 

We start the recursion at n = by setting X^ = We have s{X^) = cu^ . 

Take n > and suppose we have constructed X^ for all k < n. Then, we set 
Xpq = *P''X''\^,^c for aU < /c < n in such a way that we have ujpq = s{Xpq) 
for all —l<k<n where c is associated to f{pqx). 

Then we set = {X^^-^ - X^q)a,b,c x* X" - {X^-^ - X'^q) . This definition 

satisfies w^^^ = s(X"+^) ^ . It gives a recursive way for finding all diagrams 
X"- and then we set Xp^q = \im.n{Xpq — Xpq) . □ 
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Let us give all terms with less than two edges as an example. We use some 
notations to give a more compact form. Edges may be oriented or not, and 
vertices are expressed as a sum of integers in a box. To obtain the result, we 
color a vertex m+n by f{mx) + f{nx). Then, we obtain a sum of diagrams 
colored by integers. We divide each diagram of vertices xi, . . . ,Xn by the prod- 
uct of colors of each Xi to the power the number of adjacent edges which are 
not coming to this vertex. 



For instance the diagram 
and the dots mean terms wit. 



pq 



P 



is a graphical expression for 



1 more than two edges. 



pq 



to 



p + q + p - q + p = q 



+ 



1 



p - q - p 



+ 



q - p - q 



+ 







uj^ = |T| + 1 p+q-pq 



+ 



P+q-pq ^ + lHh i P+q-P^ ^ 



UJ 



+ 2 



P+q-pq H X H P+q-pq] + UHpTiql + [IH"qHpl + 



p+q-pq 


^ pq 




1 



X 



P,<1 



pqJ 



+ 



pq 



+ 



p+q-pq 



pq 









1 












1 

+ 2 












p+q-pq 




pq 


+ 2 


P 




q 




p 


q 




p 




q 



+ 



pq 



p+q-pq 



pq 



p+q-pq 



pq 



p+q-pq 



pq^p-q - pq^q-p 



+ 



p+q-pq 



pq ^ pq 



+ 



+ 



3 Rationality 



The expression we have obtained until now is not rational. When trying to 
find a rational expression, we will show that expressions coming from non-tree 



gluing graphs vanish. For example, the graph [pl=rql above will not appear in 



the final expression of the unwheeled Kontsevich integral of torus knots. 



3.1 Diagrams with singular colorings 



We need to work with diagrams which are colored by some singular algebraic 
expressions. For that we define two spaces of diagrams Bg and which fit 
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in the following commutative diagram: 



Hair 



Hair 



B 



B, 



s 



Here we define Bs = V{F) where F{H) = {H \ {0})-'^Q[[H]] , the localization 
of Q[[-ff]] by elements of H \ {0}. The space 0™* is constructed from the 
functor F{H) = S'~^Q[exp(i?)] , where S is made of non zero expressions of 
the form Pi(exp(/ii)) • • • Pfc(exp(/ifc)) for Pi, ... , G Q[h] and hi, . . . ,hk e H . 

The Hair map is again defined by the map induced by the Taylor expansion. 

These constructions motivate the definition 11.21 In the article [H] , we used a 
different construction using coloring of edges by elements of Q[[/i]][/i~"'^] • This 
construction was not convenient because the map from non-singular diagrams 
to singular ones fails to be injective even for small degrees as is shown in the 
following identity: 



To avoid this, we have changed the construction of singular diagrams in some 
way which avoids inverting null- homologous legs. 

3.2 A formula for the substitution map 

Let X be a connected gluing graph, with vertices xi, . . . ,xn and power series 
/i, . . . , /tv corresponding to these vertices. The aim of this part is to give an 
explicit formula for s{X) £ Bg- We describe it in the following proposition: 

Proposition 3.1 Given a gluing graph X with power series /i, . . . , /tv, its 
substitution is a finite combination of diagrams T obtained by gluing at each 
vertex the incoming edges to a circle, and decorating by expressions of the form 



where the UiS are non zero cohomology classes, ki is the valency of the i-th 
vertex, pi is an integer satisfying < pi < ki and Di is a product of pi linear 
terms. Moreover, we have the inequality Pi > unless X is a tree. 



o-o- 



.QllO- = 0. 
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Proof To compute s{X) , we may glue at each vertex x edges incoming to this 
vertex to wheels generated by f{x) . Hence, we can choose a cycling ordering of 
edges around each vertex, compute the result of the gluings which repect this 
order, and sum over such orderings. 

Fix an ordering ef,..., ef^ of edges around each vertex x . Let T be the trivalent 
graph obtained by replacing x by a circle attached to the edges in the prescribed 
order, and H = H^{r,Z). Fix the order Ux of the wheel of f{x) we will glue 
at X. Write xi, . . . ,Xk^ the elements of H coming from the edges ei to 62, 
fifc^ to ei (see figure IHl). 




Figure 5: Diagram obtained by substitution 

First, we glue the edge ei to any leg, so we have a factor Ux- Then all gluings 
are listed in the following formula: 

nx (5) 

orderings, 3; iiA \-ikx=^x—kx 

We explain an algorithmic reduction for this formula. Suppose there are two 
indices I and m such that xi 7^ Xm G H^{T,Z), write iim = ii+im- Then, 
^ x^^ ■ ■ ■ x^^'' may be replaced by the sum 

iiH lif,^=nx-kx 

— - . ^"^Im rpt'lm 

Y A' ' _ e \ {0})-^Q[[i^]] 

h-\ \-ikx+'^lm=nx-Kx 

This is a difference of sums of the same form but where each summand is now a 
product oi kx — 1 monomials, and with a degree one denominator. Observe that 
the sum of the exponents of the monomials in each summand is unchanged and 
equal to Ux — kx as before. We can perform such a reduction again for each one 
of the sums thus obtained a different number of times. This algorithm stops if 
all cohomology classes involved in the resulting expression are the same. 
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Suppose that an expression has been obtained form ((SJ by reducing it px times. 
Then this expression is a sum of identical terms each of which is equal to a 
cohomology class y to the power — kx and divided by a product of elements 
of H . Counting the number of times this term occurs, the resulting expression 
is finally equal to 

D'x 

where Dx is a product of px linear terms. 

Let us prove the last assertion of the proposition. If all the piS are 0, it means 
that there is some gluing of X such that for all vertices x X , the resulting 
cohomology classes xi,...,Xkx are identical. It means that all edges in X 
correspond to a null cohomology class, and hence X is a tree. □ 



3.3 Application to the integral of torus knots 



We recaU that in |3j, the invariant Z^'^^^ is defined such that Haii Z^^^^{K) = 
{n,n)Z^{K) for any knot K. 

Our aim would be to compute Z^^^^{Kp^q) but we have information only on 
Jiair Z^""*^ (Kp^q) . Hence we will compute it only up to the kernel of the Hair 
map. We have shown that {Q,Q)Z^'{K) = s{Xp^g), hence we are interested 
in finding a rational expression for s{Xp^q) . Using the preceding section and 
rationality results of [21, we will prove the following theorem: 



Theorem 3.2 Let Xp^q be the gluing graph of proposition 12.81 It is a gluing 
graph decorated by the parameters p, q and pq associated respectively to the 
series f{px),f{qx) and f{pqx). 

We construct from Xp^q a rational singular diagram Yp^ € Bl^^ in the following 
way. 

We consider a tree component T of Xp^q and at each vertex x , we glue a circle. 
As the diagram is a tree, the ordering has no importance, and the cohomology 
class of the circle is well defined: we note it hx . If the vertex x has valence kx 
and is colored by G {PiQiPQ}; decorate the "bubble-tree" diagram with 
the series 



n 



I / ^rixhx _|_ 1) 



4 \ ^rixhx _ \ 
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Therefore, we have constructed from T an element T''^* G Bi^^ . We set = 

rprat 

T in Xp,q 

Then we have Hair z^'^^" {Kp^q) = HairYp''^*. 

In figure El we give the beginning of the expansion of the unwheeled Kontsevich 
integral of torus knots obtained thanks to the gluing graph 1^^* . The parameter 
X corresponds to the cohomology class of the circle on which the series is located. 




Figure 6: Expansion of the unwheeled Kontsevich integral of torus knots 



Proof Our strategy is to apply the results of the preceding section to Xp^g-. 
we recall that Xp^g is a gluing graph whose power series attached to vertices 
are either fipx),f{qx) or f{pqx), where /(x) is the series ^ log ^^^^^j^J'^^ ■ We 
compute that the derivative of / is ^ coth f — ^ • 

Thanks to proposition 13.11 we can conclude that s(Xp.g) is obtained by deco- 
rating graphs by expressions such as g{exp{h))/ D where g G h G H and 
D is a homogeneous polynomial in H . 

Hence it is natural to define the following space: 

Let be a free abelian group of finite rank. We note G{H) the image of 
5-^Q[exp(i?)] ® (if \ {0})~iQ[ii] in {H \ {id})~^Q[[H]]. This is again a C- 
module and hence, we can define a space B' = T>{G) . 

Lemma 3.3 The map S-^Q[exp{H)] {H \ {0})-^Q[H] G{H) is an iso- 
morphism of C-modules. We define the degree of ^ G {H \ {0})~^QIH] by 
deg(^) = deg(P) — deg(Q). This degree extends to G{H) and to B' . 
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Proof This statement is purely algebraic, it comes from the fact that poly- 
nomials in elements of H and exponentials of elements of H are algebraically 
independant as power series in H . □ 

But we know from that there is a diagram z'^'^^^ (Kp^g) in B'^'^^ such that 
Hair z^'^^^ (Kp^q) = s{Xp^q) . We interpret this result saying that the series 
Hair Z^"*'^(i('p^q) lies in the degree part of B' . 

But in the process of substitution of a connected gluing graph, we add denom- 
inators unless all edges of the graph are null-homologous (see proposition I3.1() . 
In the same way, all terms containing fractions in f'{px),f'{qx) and f'{pqx) 
will have a negative degree. 

Keeping diagrams in Xp q with degree and substituting them, we obtain 
exactly the series Hair described in the theorem. As this series made of 
exactly all gluing graphs producing degree diagrams in B' by substitution, we 
conclude that Hairl^''^^* = s{Xp^q) = Haii z^^^^ (Kp^q) . This states the theorem. 

□ 

There are two natural questions for which we have no answer at the moment: 

Questions • How can we apply a weight system to singular diagrams in 
order to obtain formulas for the Jones functions of torus knots from Yp^ ? 

• The series z^^^^'{Kp^q) and Yp^ agree up to the kernel of the Hair map. 
Are they equal? 



4 Branched coverings 

A great interest for rational expression of Kontsevich integral comes from its 
relation with branched coverings. More precisely, if Kp^g is the torus knot of 
parameters p and q, and r is an integer, let us note T,'^{Kp^q) be the pair formed 
of the cyclic branched covering of of order r over Kp^q and the ramification 
link. 

If r is coprime with p and q, the ramification locus is a knot, and the underlying 
3-manifold is a rational homology sphere, the Brieskorn manifold T,{p,q,r). 

In [3], a map Liftj. is described which intertwines rational invariant of the cyclic 
branched coverings and rational invariant of the initial knot in the following 
way: 

Z'"''"{J:''{K)) = exp(^4^©)Liftr ^'''^"W- 
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We now study this map in the case of torus knots and prove the following 
proposition: 

Proposition 4.1 Call Hr the operator on Bl^^ which multiplies any diagram 
D by r~^(^) where x is the Euler characteristic, then we have 

Lift,. Yp^g = UrYp^^ 

Proof The Lift^ map was defined only for diagrams decorated by fractions 
without poles at r-roots of unity. As we extended the decorations to all frac- 
tions, the definition of Lift^ makes sense for any diagram. In the definition of 
the Liftr map, we need to express all denominators as polynomials of f. Then, 
we look at the numerators as a coloring by monomials, which is the same as a 
linear combination of 1-cohomology classes of the underlying graph. We keep 
only the classes divisible by r and divide them, then we put back denominators 
replacing hy t. Finally we multiply the result by r. 

This construction is very easy in our case because we only need to know how 
the map Lift^ acts on derivatives of the fraction where n = p,q or pq. Let 
us write h(t) = frr^ G Q{t) ■ The operator Lift^ and the derivation operator 
Dg{t) = tg'{t) act on the space Q,{t). 

We can develop h in formal series: h{t) = —1 — 2 ^ f^^ . This expression shows 

fe>i 

that we have 

Lift^ h{t) = -1 - 2 r^'/^ = h{t). 

fc>l,r|nfe 

because n is coprime with r. 

Then, for i > 0, we also have D'^h{t) = —2 ^ {nkyt"'^ . We check in the same 

fc>i 

way the following formula: 

Lift,. D'h{t) = -2 Yl i.nkyt''''/'' = r'D'h{t). 

k>l,r\nk 

This shows finally that Lift^ acts on a diagram of by multiplying it by r 
to the power 1 + — 1) where Vi is the valence of the i-th vertex. This 

expression is the number of vertices of the diagram minus 1, hence the number 
of loops minus one. 

This ends the proof of the proposition. □ 

Of course, we have not proved that Lift, z'^'^^" (Kp^g) = Ilrz'^'^^" {Kp^ci) ■ Although 
the first diagram we know in the kernel of the Hair map has loop degree 17 (see 
jlOj). we do not know if the Hair map is injective in degree greater than 3. 
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